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Abstract This paper adds a negative velocity feedback to the dynamical system of twin-tail
aircraft to suppress the vibration. The system is represented by two coupled second-order nonlinear
diﬀerential equations having both quadratic and cubic nonlinearities. The system describes the
vibration of an aircraft tail subjected to both multi-harmonic and multi-tuned excitations. The
method of multiple time scale perturbation is adopted to solve the nonlinear diﬀerential equations
and obtain approximate solutions up to the third order approximations. The stability of the proposed
analytic solution near the simultaneous primary, combined and internal resonance is studied and its
conditions are determined. The eﬀect of diﬀerent parameters on the steady state response of the
vibrating system is studied and discussed by using frequency response equations. Some diﬀerent
resonance cases are investigated numerically. c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1104301]
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Vibration of structures is often an undesirable phe-
nomenon and should be avoided or controlled. There
are two techniques to control the vibration of a system,
that is, active and passive control techniques. Pai and
Schulz1 studied the control of the ﬁrst mode vibration of
a stainless steel beam through a negative velocity feed-
back. El-Badawy and Nayfeh2 used two simple control
laws based on linear velocity and cubic velocity feed-
back to suppress the high-amplitude vibrations of the
twin-tail assembly of an F-15 ﬁghter in a structural dy-
namic model when it is subjected to primary resonance
excitations. Eissa et al.3,4 studied the active control
of an aircraft tail subjected to multi-harmonic excita-
tion or multi-parametric excitation forces. They added
many active controllers for this system. The system
has been controlled by negative (linear, quadratic) ve-
locity feedback. Best active control of the system has
been achieved via negative velocity feedback. Hamed5–7
studied the USM model subjected to external and tuned
excitation forces. The model consists of multi-degree-of-
freedom system consisting of the tool holder and three
absorbers (tools) simulating ultrasonic machining pro-
cess. The advantages of using multi-tools are to ma-
chine diﬀerent materials and diﬀerent shapes at the
same time, which leads to time saving and higher ma-
chining eﬃciency.
This work deals with models having two-degree-of-
freedom system with quadratic and cubic nonlineari-
ties subjected to multi-harmonic and multi-tuned ex-
citation forces. The method of multiple time scale
perturbation8,9 is used to solve the nonlinear diﬀeren-
tial equations describing the controlled system up to the
third order approximations. In this system, we added
a)Corresponding author. Email: eng yaser salah@yahoo.com.
many active controllers. Best active control of the sys-
tem has been achieved via negative velocity feedback.
The tail section used in the experiments is a 1/16
dynamically scaled model of the F-15 tail assembly. The
model was constructed at the laboratory of Professor
Sathya Hanagud at the Georgia Institute of Technology
from a series of aluminum channels, brass rings, com-
posite plates, metal masses, and various adhesives, as
shown in Fig. 1.
The modiﬁed behavior of the aircraft tail can be
modeled, in general, using the following two gen-
eralized second-order coupled nonlinear diﬀerential
equations.2–4 This nonlinear system can be written as
u¨1 + ω
2
1u1 + 2εμ1 u˙1 + εα1 u
3
1 + εα2 u
2
1 + εμ3 u˙1 | u˙1 | −
εκ(u2 − u1) = ε
N∑
S=1
FS cos(ΩSt+ τ1)+
ε
N∑
j=1
Pj sin(Ωkj t+ τ3) cos(Ωkj+1t+ τ4) +R1, (1a)
u¨2 + ω
2
2u2 + 2εμ2 u˙2 + εα3 u
3
2 + εα4 u
2
2 + εμ4 u˙2 | u˙2 | −
εκ(u1 − u2) = ε
N∑
S=1
FS cos(ΩSt+ τ2)+
ε
N∑
j=1
Pj sin(Ωkj t+ τ5) cos(Ωkj+1t+ τ6) +R2, (1b)
where u1, u2 denote the generalized coordinates of the
ﬁrst bending modes of the aircraft tail, ω1, ω2 are the
lowest linear natural frequencies of the right and left
tails respectively, μ1, μ2 are the linear damping coef-
ﬁcients, α1, α3 are the coeﬃcients of the cubic non-
linearity, α2, α4 are the coeﬃcients of the quadratic
nonlinearity, μ3, μ4 are the nonlinear damping coeﬃ-
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Fig. 1. Three-dimensional view of the twin-tail assembly.
cients, FS , PJ are the excitation amplitudes, ΩS , Ωkj ,
Ωkj+1 are the excitation frequencies, τ1, τ2, · · · , τ6 are
constants, ε is a small perturbation parameter, κ is the
coupling coeﬃcient of the aircraft tails, R1 = −εG1 u˙1
and R2 = −εG2 u˙2 are the control forces, G1 and G2
are positive constants known as the gains.
Multiple scale perturbation method is conducted to
obtain an approximation solution for Eqs. (1a) and (1b),
so, assuming the solution of the form of
u1(t; ε) = u10(T0, T1, T2) + εu11(T0, T1, T2)+
ε2u12(T0, T1, T2) +O(ε
3), (2a)
u2(t; ε) = u20(T0, T1, T2) + εu21(T0, T1, T2)+
ε2u22(T0, T1, T2) +O(ε
3), (2b)
where Tn = ε
nt (n = 0–2) are respectively the fast
and slow time scales, we ﬁnd that the time derivatives
become
d
dt
= D0 + εD1 + ε
2D2,
d2
dt2
= D20 + 2εD0D1 + ε
2D21 + 2ε
2D1D2, (3)
where Dn = (∂/∂Tn) (n = 0–2).
Substituting Eqs. (2) and (3) into Eqs. (1a) and
(1b) and equating the coeﬃcients of same powers of ε,
we obtain the following equations
(D20 + ω
2
1)u10 = 0, (4a)
(D20 + ω
2
2)u20 = 0, (4b)
(D20 + ω
2
1)u11 = −2D0D1u10 − 2μ1(D0u10)−
α1u
3
10 − α2u210 ∓ μ3(D0u10)2 + κ(u20 − u10)−
G1(D0u10) +
N∑
S=1
FS cos(ΩSt+ τ1)+
N∑
j=1
Pj sin(Ωkj t+ τ3) cos(Ωkj+1t+ τ4), (5a)
(D20 + ω
2
2)u21 = −2D0D1u20 − 2μ2(D0u20)−
α3u
3
20 − α4u220 ∓ μ4(D0u20)2 + κ(u10 − u20)−
G2(D0u20) +
N∑
S=1
FS cos(ΩSt+ τ2)+
N∑
j=1
Pj sin(Ωkj t+ τ5) cos(Ωkj+1t+ τ6), (5b)
(D20 + ω
2
1)u12 = −D21u10 − 2D0D1u11 − 2D0D2u10−
2μ1(D1u10 +D0u11)− 3α1(u210u11)−
2α2(u10u11)∓ 2μ3(D0u10)(D1u10 +D0u11)+
κ(u21 − u11)−G1(D1u10 +D0u11), (6a)
(D20 + ω
2
1)u22 = −D21u20 − 2D0D1u21 − 2D0D2u20−
2μ2(D1u20 +D0u21)− 3α3(u220u21)−
2α4(u20u21)∓ 2μ4(D0u20)(D1u20 +D0u21)+
κ(u11 − u21)−G2(D1u20 +D0u21). (6b)
The general solution of Eqs. (4a) and (4b) can be
expressed in the form of
u10 = A10 exp(iω1T0) + cc, (7a)
u20 = A20 exp(iω2T0) + cc, (7b)
where, A10 and A20 are complex functions in T1, T2
and cc denotes complex conjugate terms. Substituting
Eqs. (7a) and (7b) into Eqs. (5a) and (5b) and elimi-
nating the secular terms, we obtain the bounded ﬁrst
order approximation
u11 = A11 exp(iω1T0)+
E1 exp(iω2T0)+E2 exp(2iω1T0)+E3 exp(3iω1T0)+
E4
N∑
S=1
exp[i(ΩST0 + τ1)]+
E5
N∑
j=1
exp{i[(Ωkj +Ωkj+1)T0 + τ3 + τ4]}+
E6
N∑
j=1
exp{i[(Ωkj−Ωkj+1)T0+τ3−τ4]}+E7+cc,
(8a)
u21 = A21 exp(iω2T0) + E8 exp(iω1T0)+
E9 exp(2iω2T0) + E10 exp(3iω2T0)+
E11
N∑
S=1
exp[i(ΩST0 + τ2)]+
E12
N∑
j=1
exp{i[(Ωkj +Ωkj+1)T0 + τ5 + τ6]}+
E13
N∑
j=1
exp{i[(Ωkj −Ωkj+1)T0 + τ5 − τ6]}+
E14 + cc, (8b)
where A11, A21, E1, E2, · · · , E14 are complex conjugate
functions in T1, T2. The second order approximation
can be obtained from Eqs. (6a) and (6b).
The reported resonance cases are as follows:
(1) primary resonance: ΩS = ωn and (Ωkj ±
Ωkj+1) = ωn, n, s = (1, 2);
(2) sub-harmonic resonance: ΩS = mωn and (Ωkj ±
Ωkj+1) = mωn, m = (2–6);
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(3) internal resonance: ω1 = rω2, r = (1–6,
1/2, 1/3, 1/4, 1/5, 1/6, 3/2, 3/4);
(4) combined resonance: Ωn ∼= ω1±ω2, Ωn ∼= 2ω1±
ω2, Ωn ∼= ω1 ± 2ω2;
(Ωkj ±Ωkj+1) ∼= ω1 ± ω2, (Ωkj ±Ωkj+1) ∼=
2ω1 ± ω2, (Ωkj ±Ωkj+1) ∼= ω1 ± 2ω2;
(5) simultaneous resonance: any combination of the
above resonance cases is considered as a simultaneous
resonance.
For the simultaneous primary, combined and inter-
nal resonance case ΩS ∼= ω1, ΩS ∼= ω2 and (Ωkj −
Ωkj+1)
∼= ω1 (worst case) which was conﬁrmed numeri-
cally, we can introduce detuning parameters σ1, σ2 and
σ3 such that
ΩS = ω1 + εσ1, ω2 ∼= ω1 + ε(σ1 − σ2)
(Ωkj ±Ωkj+1) ∼= ω1 + εσ3. (9)
Substituting Eq. (9) into Eqs. (5a) and (5b) and putting
the coeﬃcients of the secular terms to zero yields the
solvability conditions
− 2iω1D1A10 − 2iω1μ1A10 − 3α1A210A¯10−
iω1G1A10 + κ{A20 exp[i(σ1 − σ2)T1]−A10}+
1
2
N∑
S=1
FS exp[i(σ1T1 + τ1)]+
1
4i
N∑
j=1
Pj exp[i(σ3T1 + τ3 − τ4)] = 0, (10a)
− 2iω2D1A20 − 2iω2μ2A20 − 3α3A220A¯20−
iω2G2A20 + κ{A10 exp[i(σ2 − σ1)T1]−A20}+
1
2
N∑
S=1
FS exp(i(σ2T1 + τ2))+
1
4i
N∑
j=1
Pj exp{i[(σ2+σ3−σ1)T1+τ5−τ6]}=0. (10b)
Use polar form
An0 =
1
2
an exp(iβn) n = 1, 2, (11)
where an and βn are the steady-state amplitudes
and phases of the motion, respectively. Substituting
Eq. (11) into Eqs. (10a) and (10b) and equating imagi-
nary and real parts, we obtain
a′1 + μ1a1 +
1
2
a1G1 − 1
2ω1
κa2 sin θ3−
1
2ω1
FS sin θ1 − 1
4ω1
Pj cos θ4 = 0, (12a)
a1(θ
′
1 − σ1) +
3α1
8ω1
a31 +
κ
2ω1
a1−
1
2ω1
κa2 cos θ3− 1
2ω1
FS cos θ1−
1
4ω1
Pj sin θ4=0, (12b)
a′2 + μ2a2 +
1
2
a2G2 +
1
2ω2
κa1 sin θ3−
1
2ω2
FS sin θ2 +
1
4ω2
Pj cos θ5 = 0, (13a)
a2(θ
′
2 − σ2) +
3α3
8ω2
a32 +
κ
2ω2
a2−
1
2ω2
κa1 cos θ3 − 1
2ω2
FS cos θ2−
1
4ω2
Pj sin θ5 = 0, (13b)
where θ1 = σ1T1 − β1 + τ1, θ2 = σ2T1 − β2 + τ2, θ3 =
(σ1 − σ2)T1 + β2 − β1, θ4 = σ3T1 − β1 + τ3 − τ4 and
θ5 = (σ2 + σ3 − σ1)T1 − β2 + τ5 − τ6. The steady state
solutions are in the form of
a′n = θ
′
n = 0, n = 1, 2. (14)
Substituting Eq. (14) into Eqs. (12a), (12b), (13a) and
(13b) and considering only those cases where a1 =
0, a2 = 0, which are also practical ones, we get the fre-
quency response equations as
9α21
64ω21
a61 −
(
3
4ω1
α1σ1 − 3
8ω21
κα1
)
a41 +
(
μ21 + σ
2
1 +
1
4
G21 + μ1G1 +
1
4ω21
κ2 − 1
ω1
κσ1
)
a21
=
1
4ω21
(
κ2a22 + F
2
S + 2κFSa2 +
1
4
P 2j
)
, (15)
9α23
64ω22
a62 −
(
3
4ω2
α3σ2 − 3
8ω22
κα3
)
a42 +
(
μ22 + σ
2
2 +
1
4
G22 + μ2G2 +
1
4ω22
κ2 − 1
ω2
κσ2
)
a22
=
1
4ω22
(
κ2a21 + F
2
S + 2κFSa1 +
1
4
P 2j
)
. (16)
The stability of the obtained ﬁxed points for the
simultaneous primary combined and internal resonance
case is determined and studied as follows.
To determine the stability of the linear solution,
one investigates the solution of the linearized form of
Eqs. (10a) and (10b) as
− 2iω1A′10 − 2iω1μ1A10 − iω1G1A10+
κ{A20 exp[i(σ1 − σ2)T1]−A10}+
1
2
FS exp[i(σ1T1 + τ1)]+
1
4i
Pj exp[i(σ3T1 + τ3 − τ4)] = 0, (17a)
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− 2iω2A′20 − 2iω2μ2A20 − iω2G2A20+
κ{A10 exp[i(σ2 − σ1)T1]−A20}+
1
2
FS exp[i(σ2T1 + τ2)]+
1
4i
Pj exp{i[(σ2 + σ3 − σ1)T1 + τ5 − τ6]} = 0.
(17b)
Consider An0 in the form of
An0 =
1
2
(pn − iqn) eiσnT1 , n = 1, 2, (18)
where pn and qn are real functions. Substituting
Eqs. (18) into Eqs. (17a) and (17b) and separating real
and imaginary parts, one obtains
p′1 +
(
μ1 +
G1
2
)
p1 +
(
σ1 − κ
2ω1
+
Pj
4ω1q1
)
q1+
κ
2ω1
q2 = 0, (19a)
q′1 +
(
κ
2ω1
− σ1 − FS
2ω1p1
)
p1 +
(
μ1 +
G1
2
)
q1−
κ
2ω1
p2 = 0, (19b)
p′2 +
(
μ2 +
G2
2
)
p2 +
(
σ2 − κ
2ω2
+
Pj
4ω2q2
)
q2+
κ
2ω2
q1 = 0, (20a)
q′2 +
(
κ
2ω2
− σ2 − FS
2ω2p2
)
p2 +
(
μ2 +
G2
2
)
q2−
κ
2ω2
p1 = 0. (20b)
The eigenvalues of Eqs. (19) and (20) are given by
the following equation
λ4 + r1λ
3 + r2λ
2 + r3λ+ r4 = 0, (21)
where r1, r2, r3 and r4 are constants. According to
the Routh-Huriwitz criterion, the necessary and suﬃ-
cient conditions for all the roots of Eq. (21) to possess
negative real parts are
r1 > 0, r1r2 − r3 > 0,
r3(r1r2 − r3)− r21r4 > 0, r4 > 0. (22)
To study the behavior of the aircraft tail system
of Eqs. (1a) and (1b), Runge-Kutta fourth order
method was adopted to determine the numerical
solution of the given system. Figure 2 illustrates the
response and the phase plane for the non-resonant
system at some practical values of the equation pa-
rameters, μ1 = 0.02, μ1 = 0.03, μ3 = 0.000 4, μ4 =
0.000 5, α1 = 0.01, α2 = 0.02, α3 = 0.03, α4 = 0.04,
Ω1 = 1.25, Ω2 = 2.5, Ωk1 = 3, Ωk2 = 1.5, Ωk3 = 3.5,
Ωk4 = 1.75, ω1 = 2, ω2 = 2.25, F1 = 0.5, F2 =
0.25, P1 = 0.04, P2 = 0.05, κ = 1, G1 = 0, G2 = 0.
It can be seen from the ﬁgure that the steady state
amplitudes u1 and u2 are about 75 % and 40 % of the
maximum excitation forces amplitude F1, respectively,
and the phase plane shows multi-limit cycle.
The worst resonance case is conﬁrmed numerically
as shown in Fig. 3. Table 1 shows the results of some
of the worst resonance conditions. It describes the dif-
ferent worst resonance cases of the system before and
after the controller is added. The worst resonance case
of the system is the simultaneous primary resonance
case, where ΩS ∼= ω1, ΩS ∼= ω2 and (Ωkj −Ωkj+1) ∼= ω1.
The eﬀectiveness of the controller is represented by
Ea = steady state amplitude of the system before con-
trol/steady state amplitude of the system after control,
where (Ea = 125, Ea = 90), for the simultaneous pri-
mary resonance case .
The steady state response of the given system at
various parameters near the simultaneous primary com-
bined and internal resonance case is investigated and
studied. The frequency response equations given by
Eqs. (15) and (16) are nonlinear algebraic equations of
a1 against σ1 and a2 against σ2, respectively. These
equations are solved numerically at the same parame-
ter values as given in Fig. 2. From the obtained ﬁgures,
we observe that the solid lines stand for the stable so-
lutions and the dashed lines for the unstable ones.
For the practical case, where a1 = 0 , a2 = 0,
Fig. 4(a) shows that the steady state amplitudes a1
against the detuning parameter σ1 which have multi-
valued solutions where the jump phenomenon exists.
Figures 4(c), 4(g), 4(h) show that the steady state am-
plitudes of the aircraft tail are monotonic increasing
function of the excitation amplitudes FS , Pj and the
coupling coeﬃcient κ. Also Figs. 4(d)–4(f) show that
the steady state amplitudes of the aircraft tail are mono-
tonic decreasing function of the natural frequencies ω1,
the linear damping coeﬃcient μ1 and the gain G1. For
increasing or decreasing nonlinear parameter α1, the
curves are bent to right or left, producing either hard
or soft spring, respectively, as shown in Fig. 4(b).
The vibrations of a second-order nonlinear system
having both quadratic and cubic nonlinearities, sub-
jected to multi-harmonic and multi-tuned excitation
forces, can be controlled via negative linear velocity
feedback to the system which are in agreement with
Refs. 2–4. Multiple time scale perturbation method is
used to determine approximate solutions for the cou-
pled diﬀerential equations describing the system up to
the third order approximation. To study the stability
of the system, both the frequency response equations
and the phase-plane technique are applied. The eﬀect
of diﬀerent parameters of the system is studied numer-
ically. From the above study the following conclusions
may be drawn.
(1) The worst behavior of the system occurs at
the simultaneous primary, combined, internal resonance
case (ΩS ∼= ω1, ΩS ∼= ω2 and (Ωkj −Ωkj+1) ∼= ω1).
(2) The eﬀectiveness of the negative velocity feed-
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Fig. 2. Non-resonant system behavior (basic case).
Table 1. Summary of worst resonance cases.
Resonance cases
Without control/% With control/%
Remarks
u1 u2 u1 u2
Non-resonance case 100 100 — — Multi limit cycle
Ω1 ∼= ω2 240 110 6 6 Multi limit cycleEa = 40 Ea = 18
ΩS ∼= (Ωkj −Ωkj+1) ∼= ω1 750 700
6 8
Multi limit cycle
Ea = 125 Ea = 90
ω1 ∼= 2ω2 200 500 8 9 Multi limit cycleEa = 25 Ea = 55
ω1 ∼= 3ω2 350 1000 8 9 Multi limit cycleEa = 44 Ea = 110
ω1 ∼= 1
2
ω2 320 280
7 8
Multi limit cycle
Ea = 45 Ea = 35
ω1 ∼= 1
3
ω2 1400 500
7 8
Multi limit cycle
Ea = 200 Ea = 60
ω1 ∼= 1
4
ω2 300 280
7 8
Multi limit cycle
Ea = 40 Ea = 35
Fig. 3. Simultaneous resonance case ΩS ∼= ω1,ΩS ∼= ω2, (Ωkj −Ωkj+1) ∼= ω1.
043001-6 Y. S. Hamed, and W. A. A. El-Ganaini Theor. Appl. Mech. Lett. 1, 043001 (2011)
Fig. 4.
back controller at the simultaneous primary, combined
and internal resonance case (ΩS ∼= ω1, ΩS ∼= ω2 and
(Ωkj −Ωkj+1) ∼= ω1) is Ea = 125 and Ea = 90.
(3) The steady state amplitudes of the aircraft tail
are monotonically increasing function of the excitation
amplitudes FS , Pj and the coupling coeﬃcient κ which
is in agreement with Ref. 3.
(4) The steady state amplitudes of the aircraft tail
are monotonically decreasing function of the natural fre-
quencies ω1 and ω2, the linear damping coeﬃcients μ1
and μ2 and the gainsG1 andG2 which agree with Ref. 3.
(5) For increasing or decreasing the nonlinear pa-
rameters α1 and α3, the curves are bent to right or left
producing hard or soft spring, respectively, leading to
the occurrence of jump phenomenon.
(6) The reported results are in good agreement with
Refs. 2–4 regarding the amplitude reduction and jump
phenomenon occurrence, where Ref. 3 reported that the
eﬀectiveness of the controller is Ea = 100 and Ea = 50 at
the simultaneous primary and internal resonance case,
this means that the amplitude reduction with multi-
harmonic and multi-tuned excitation forces is bigger
than that for multi-harmonic one.
We wish to acknowledge the support of the author com-
munity in using REVTEX, oﬀering suggestions and encour-
agement, testing new versions.
1. P. F. Pai, and M. J. Schulz. Int. J. Mech. Sci. 42, 537 (2000).
2. A. A. El-Badawy, and A. H. Nayfeh. J. Franklin Inst. 338, 33
(2001).
3. M. Eissa, H. S. Bauomy, and Y. A. Amer. Acta Mech. Sin. 23,
451 (2007).
4. M. Eissa, H. S. Bauomy, and Y. A. Amer. Commu Nonlinear
Sci and Num Simu. 14, 560 (2009).
5. M. M. Kamel, W. A. A. El-Ganaini, and Y. S. Hamed. J. Mech.
Sci. and Tech. 23, 2038 (2009).
6. M. M. Kamel, W. A. A. El-Ganaini, and Y. S. Hamed. J. Appl.
Mathematical Modelling 33, 2853 (2009).
7. M. M. Kamel, W. A. A. El-Ganaini, and Y. S. Hamed. Acta
Mech Sinica 25, 403 (2009).
8. K. J. Cole. Multiple Scale and Singular Perturbation Methods
(Springer-Verlag, New York, 1996).
9. A. H. Nayfeh, Non-linear Interactions (Wiley/Interscience,
New York, 2000.)
